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Abstract

This study extends the hybrid version of the baseline New-Keynesian
model with heterogeneous agents who may adopt various forecast heuris-
tics. With a focus on consumer expectations, we identify the most appro-
priate pairs of forecast heuristics that can lead to an equivalent �t to the
data compared with the model speci�cation under rational expectations.
The competing speci�cations are estimated using the simulated method of
moments. Our empirical results suggest that expectations underbounded
rationality in the United States are grounded on consumers' emotional
state, while for the Euro Area they are technical in nature. This obser-
vation questions the need for a hybrid model speci�cation under rational
expectations.
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1 Introduction

The past decade has seen the adoption of simple forecasting heuristics to ex-
plain the importance of the expectations formation processin relation to the
business cycle. In hindsight, rational expectation modelsfailed to predict the
crisis in the US housing market in late 2007. Although many macroeconomic
models �nd stable equilibrium paths under the rational expectation hypothesis,
however, the predictions are particularly inconsistent with crisis periods. This
�nding suggests that individuals do not necessarily forecast future economic
dynamics given full information on the underlying structur e of the economy
and properties of the exogenous shocks.

For the majority of economic decisions, individuals discard certain information
and allow emotions to drive their behaviors. This may be expected partly be-
cause agents are aware that information is not fully available. Instead, they
process past information and/or fundamental values through backward-looking
rule-of-thumb behavior (i.e., via forecast heuristics). This view (while already
previously addressed by various authors) was boosted by Akerlof and Shiller
(2009), who analyzed the mechanism behind the early stage ofthe global �nan-
cial crisis. Following this line of argument gives rise to the so-called bounded
rationality models that account for the behavior of heterogeneous agents.

The phenomena of emotional decision making as well as the discarding of in-
formation can be expected of agents who do not forecast future developments
in a professional way. As an example, for the latter, investors may rely more
on a broad range of information to apply technical forecasting techniques. Re-
garding private consumption, however, empirical evidencesuggests that this
contributes the most to the level of GDP, while it is often in
 uenced by the
lagged or lead variables of con�dence indicators: there exists a strong correla-
tion between consumer con�dence and private household expenditure. There-
fore, private households may account for their con�dence when predicting their
periods ahead consumption possibilities.

In the macroeconomic literature, modeling expectations formation, especially
the estimation of bounded rationality models, has gained broad attention in
recent years. With a focus on consumer con�dence, whether this is crucial to
explain business cycle dynamics is the key question of this study. We argue
that consumers' expectations do not necessarily re
ect a rational forecasting
strategy. Instead, agents' decision-making process relies either on their willing-
ness to forecast future consumption based on historic patterns and/or on the
fundamental values for consumption or even their emotionalstate alone. While
the former forecast strategy is rather technical in nature,the latter is described
by waves of optimism and pessimism in the spirit of Keynes' (1936) concept of
animal spirits.

In this study, we consider various forecast heuristics for consumer expectations
in the baseline New-Keynesian model (NKM henceforth). Households choose
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from a set of emotional- and technical-oriented forecast heuristics that display
the relationship between consumer con�dence and private household expen-
diture. In each period, the distribution of the proportions of emotional and
technical forecasters changes because of the endogenous switching process. As
heuristics can be seen as a proxy for agents' expectations formation processes,
we seek to �nd if they could lead to an equal or even better description of
a standard macroeconomic model to empirical data compared with the same
model under rational expectations. In the case of the equivalency or dominance
of bounded-rational forecast heuristics in terms of �tting the data, we seek to
identify if they are technical- or emotional-oriented. We then investigate the
e�ect of con�dence on the economic decision-making process and hence macroe-
conomic dynamics. Finally, based on our results, we claim that the need for
purely rational expectations macroeconomic models is disputable. The nov-
elty of our contribution therefore lies in the comparison ofoppositional types of
forecast heuristics and their e�ect on consumer behavior from a macroeconomic
perspective. To the best of our knowledge, such a theoretical and empirical in-
vestigation on the competing forecast strategies of consumers under bounded
rationality is a novel contribution to this strand of the lit erature.

We consider a bounded-rational variant of the NKM with rule-of-thumb possess-
ing agents. We then estimate the model parameters via the simulated method
of moments (SMM) approach where the parameter estimates canbe used for the
calibration of bounded-rational dynamic stochastic general equilibrium (DSGE)
models. Our investigation reveals that from an empirical point of view, the se-
lected speci�cations of the bounded rationality model lead, in fact, to an equal
or even better �t to the empirical data compared with the model under rational
expectations. The results provide explicit information on expectations forma-
tion where the heuristics being applied can be emotional- ortechnical-oriented
for two economic regions of interest. Based on this, we can then examine what
kinds of bounded rationality models stand out as alternatives to their rational
expectations counterparts.

The remainder of this paper is structured as follows. In the following section,
we provide an overview of the related literature and how we contribute to it.
Section 3 examines the role of consumer con�dence as a proxy for households'
expectations in the United States and the Euro Area based on descriptive statis-
tics. In Section 4, we describe the structure of the NKM and present several
forecast heuristics applied in a heterogeneous agent-based version of the model
given the discrete choice mechanism. The parameter estimates of the various
model speci�cations are evaluated according to their �tness criteria in Section
5 using the SMM approach. The latter, as the empirical estimation method of
choice introduced by Franke et al. (2015), is presented in the Appendix. Finally,
Section 6 concludes.
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2 Contribution to the Related Literature

Various types of forecast heuristics have been widely used to model the expec-
tations formation process in DSGE models. This work was pioneered by Brock
and Hommes (1997) and Gaunersdorfer et al. (2008) among others in �nancial
economics. Agents sort themselves into categories relatedto both their emo-
tional states and speci�c professional (i.e., technical) forecasting rules based
on heuristics. In all subsequent periods, agents are allowed to switch between
groups based on the discrete choice approach. As a prominentexample, De
Grauwe (2011) was one of the �rst to incorporate this kind of mechanism into
the NKM framework in which economic agents are, in fact, either boundedly
rational or exhibit perfect rational expectations. This scheme also applies to
the expectation of future house prices and consumption of non-durable goods,
as presented by Bo�nger et al. (2013).

In this study, we examine the validity of competing rule-of-thumb behavior in
expectations formation processes. To show this, we adopt ahorse raceexercise
to evaluate the performance of di�erent heuristics using a well-de�ned objec-
tive function. As the point of departure, we consider the estimation of the De
Grauwe (2011) model by Jang and Sacht (2016). In particular,we seek to �nd
speci�c pairs of heuristics that lead to the smallest deviation of the model gener-
ated second moments from their empirical counterparts. A similar contribution,
but with a di�erent scope on rational expectations only, was investigated by
Anderson (2008) with respect to the solution methods of DSGEmodels.

Our contribution is also closely related to Cornea-Madeiraet al. (2017), who
examined the validity of simple rules-of-thumb. In their fr amework, di�erences
in group behavior (i.e., fundamentalists and chartists) play a key role in explain-
ing US in
ation dynamics. Their results revealed that endogenous switching
between both groups depends on the realization of agents' performance when
predicting future outcomes. In this study, we take a di�erent perspective by
considering the importance ofconsumer con�dencein the business cycle instead
of in
ation expectations. Therefore, we consider di�erent types of heuristics re-
garding consumption expectations and only one bounded-rational speci�cation
for the New-Keynesian Phillips curve (NKPC).

Previous studies have shown ambiguous and inconclusive results about the rela-
tionship between consumer con�dence and economic activity. In an early work
on animal spirits, Blanchard (1993) examined empirically the extent to which
consumer con�dence re
ects a negative consumption shock during the 1990/91
recession in the United States. He found evidence for agentswith limited infor-
mation processing ability. The author suggested that perfect foresight does not
fully explain the drop in consumers' expectations, which allows some scope to
interpret con�dence as a driver of agents' decision-makingprocess. This view,
however, was questioned by Barsky and Sims (2012). They examined the im-
pact of news shocks and only a noise-ridden signal of that kind of shock, where
the latter can be regarded as a type of animal spirits. According to their empir-
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ical results, animal spirits only contribute weakly to the observed relationship
between con�dence and economic activity.

Our approach, which focuses on forecast heuristics, di�ers from those found in
the literature on learning. With a focus on DSGE modeling, the concepts of
agents' learning ability with a constant gain and adaptive learning (see Evans
and Honkapohja (2001) for an overview) are strongly considered. As an exam-
ple of the former, Orphanides and Williams (2007) performedstochastic simu-
lations with a focus on monetary policy intervention under the misperception
of natural rates. The authors suggested an augmented monetary policy rule un-
der a constant gain, which accounts for a more aggressive response to in
ation
volatility and inertia in the interest rate itself. As a resu lt, in
ation persistence
will be dampened and, therefore, the objective of price stability is ful�lled.
Evans and Ramey (2006) considered a Cagan-Friedman adaptive expectation
formula with a decreasing gain. They showed that in the Nash equilibrium,
agents select a common value of the gain that minimizes the mean squared
error of the in
ation forecast. When facing switching in the in
ation regime
being observed infrequently, applying their proposed adaptive expectation rule
turns out to be optimal in the spirit of the Lucas critique. A d rawback of the
learning approach is that agents' perceived law of motion does not distinguish
between emotional- and technical-oriented forecasting methods. In addition,
switching between groups of heterogeneous agents is, in general, not considered
explicitly.

Persistencein the dynamics of consumption (and hence, output and in
ation) is
observed empirically. Various studies have aimed to modifythis baseline NKM
to account for this stylized fact. The result is the so-called hybrid version of
the model under rational expectations with leads and lags inthe dynamic IS
equation and the NKPC (cf. Smets and Wouters (2005) and Christiano et al.
(2005) among others). The corresponding backward-lookingcomponents pre-
dominantly stem from habit formation in consumption and pri ce indexation.

Cornea-Madeira et al. (2017) reviewed the mixed evidence onthe role of forward-
looking and backward-looking components in DSGE models. The contributions
by Kozicki and Tinsley (2002, 2005) and Roberts (2005) as well as Boivin and
Giannoni (2006) highlighted the need for various speci�cations of shocks to in-
troduce inertia in the standard NKM. Ball (2000) proposed an expectations
formation process in which agents apply univariate forecasts. The latter re
ect
the optimality of processing all information available on in
ation dynamics,
while those for other relevant variables such as output and interest rates are
ignored. The author showed that his bounded-rational rule-of-thumb leads to
a better match of observed US in
ation persistence than a purely rational ex-
pectations one. Milani (2005) showed that sources of persistence (e.g., habit
formation in consumption and price indexation) are not essential under bounded
rationality. This holds if agents gain knowledge of the unknown model parame-
ters by updating their beliefs using the constant gain approach. In the absence
of the latter in our study, we show that emotional- and technical-oriented fore-
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cast strategies, as substitutes for purely rational expectations, are su�cient
to ensure persistence | with no need for additional backward-looking compo-
nents. While Milani (2005) discussed the results of his empirical study as he
applied the Bayesian estimation technique, we consider thesimulated method
of moments approach for our investigation. Therefore, we tie into this �eld of
" non-rational expectations econometrics" (Ireland (2003)).

The empirical evidence for the type of bounded rationality model presented in
this paper is so far ambiguous. Jang and Sacht (2016) found that the bounded-
rational version of the NKM for the Euro Area exhibits a simil arly good �t
to the data as the one with rational expectations being assumed. Liu and
Minford (2014) showed evidence for the opposite. Therefore, the investiga-
tion into the role of agents' bounded-rational behavior is not trivial. Notably,
several statistical techniques have been developed over the past two decades
to take the DSGE models to data. Moment-based estimation viaSMM is as
e�cient as maximum likelihood (ML) as long as the moment conditions encom-
pass the true data-generating process (Carrasco and Florens (2002) as well as
Fern�andez-Villaverde and Rubio-Ram��rez (2007)). This suggests that ML has
desirable theoretical properties for statistical inference; however, the complexity
of DSGE models poses challenges for the estimation of behavioral parameters
using the ML method (Canova and Sala (2009) and Canova (2011)). If the
data-generating process is subject to non-linear speci�cations in modeling, the
Monte Carlo Markov Chain (MCMC) method is often used to handle irreg-
ular and multimodal posteriors in the parameter space. However, while the
MCMC method can be advantageous for the evaluation of forecast heuristics
in bounded rationality models (Herbst and Schorfheide (2015)), prior infor-
mation on some behavioral parameters is not available. These di�culties have
led to the development of simulation-based inference in macroeconomic models.

To apply SMM, we utilize the robust optimization ( " interior point " ) method
to �nd a global minimum for the parameter estimation. This seems to be a
practical way to estimate the behavioral parameters since the complexity of
the models and computation of conditional moments can be easily obtained by
simulations by powerful computers. Moreover, when researchers have a clear
picture of how the economy works with speci�c moment conditions, partial
information methods may prove to be more useful than the fullinformation ML
method. Indeed, moment matching might be useful in terms of its robustness
to both the distribution of shocks and the risk of misspeci�cation. Hence, this
study focuses on matching the covariance structure of in
ation, interest, and
consumption to evaluate di�erent behavioral speci�cations. In other words, the
goal of this study is to evaluate the �t of the models along thedimensions of the
moment conditions of interest to �nd the parameter estimates associated with
the best �t of the models with alternative expectations formation mechanisms.
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3 On the Link between Consumer Expectations and
Household Expenditure

The main concern of business cycle analysis is to �nd the reason why the econ-
omy is constantly going through periods of booms and busts. In general, the
question arises of how business cycles come about. In theory, the answer is
simply given by the decomposition of GDP into its main components of private
consumption, aggregate investment, and net exports based on the system of
national accounts. Empirically, private consumption contributes the most to
the level of GDP. More precisely, according to recent data ontotal household
expenditure provided by the OECD (2016a), private consumption amounts to
around 68 and 56 percent relative to US and Euro Area GDP, respectively,
excluding housing and government transfers. By including the latter, these
numbers range around 75 and 69 percent for the United States and Euro Area,
respectively. Correlation coe�cients of 0.828 (for the United States) and 0.712
(for the Euro Area) in both cases reveal the strong co-movement between house-
hold expenditure and GDP in both economic regions. The timespans cover the
period from 1971 to 2014 for the United States, while the EuroArea data are
limited to 1996 to 2014 because of partial data availability.

Empirical evidence also suggests a signi�cant relationship among consumer con-
�dence, household expenditure, and GDP. Figure 1 compares the annual growth
rates of household expenditure (OECD (2016a)) and GDP (OECD(2016c))
with the index numbers of the consumer con�dence index (CCI henceforth;
OECD (2016b)) for the US economy and Euro Area. Since the timeseries of
the CCI consists of monthly data, we calculate and report theannual index
numbers on average.1

Two observations are worth mentioning. First, we �nd a strong correlation
between the time series. While we have already mentioned thestrong correla-
tions between household expenditure and GDP, the same is indeed true for the
relationship between the CCI and household expenditure as well as GDP. The
correlation coe�cients for the US economy (upper panel of Figure 1) are 0.662
(CCI to household expenditure) and 0.659 (CCI to GDP). For the Euro Area
(lower panel of Figure 1), the coe�cients are 0.841 (CCI to household expen-
diture) and 0.645 (CCI to GDP). This is in line with De Grauwe ( 2012), who
reported a correlation coe�cient of 0.600 for the index numbers of the Michigan
Consumer Con�dence Indicator and US output gap growth rate from 1970 to
2009. For the US economy, the co-movements in all the indicators becomes
apparent, especially in times of economic slowdown given byvery low or even

1The CCI is provided on a monthly basis by " The Conference Board" , a US non-pro�t business
membership and research group. A survey of 5,000 householdsin the United States and Euro
Area, respectively, consists of �ve questions, each related to current and future business and
employment conditions as well as the prediction of future ho usehold income. Answers can
be positive, neutral, and negative. The index values are calculated based on the relation of
each question's positive responses to the sum of its positive and negative responses. For more
information, see https://www.conference-board.org.
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Figure 1 : Development of the CCI, total household expenditure, and GDP for the
United States and Euro Area
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Note: The solid, dashed, and dotted lines depict the growth rates of total house-
hold expenditure, the CCI, and GDP, respectively. Realizat ions are given as an
annual magnitude. The CCI numbers are calculated on average based on the
underlying monthly series. The latter is amplitude-adjust ed with a long-term
average of 100. Household expenditure is measured as the annual growth rate
and GDP growth as the percentage change from the previous quarter and from
the same quarter of the previous year, respectively.
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negative growth rates. For example, this holds for both oil crises in 1973 and
1979, at the beginning of the Great Moderation period around1980, during
the Gulf War in 1990/91, the bursting of the dot-com bubble in 2001, and,
most clearly, in the case of the bursting of the US housing bubble in 2007. In
this regard, we observe a (discontinuous) upswing in the CCIduring the Great
Recession period (i.e., from 2008 onward). This can be explained by the central
bank's zero lower bound interest rate, which might have stimulated consump-
tion. We can make similar comments on the observations for the Euro Area.

Second, the CCI and household expenditure move closely together. For exam-
ple, in the Euro Area, both time series behave synchronouslywith one-to-one
overlapping peaks and troughs. This holds primarily in morerecent periods
such as 2009 and at the peak of the sovereign debt crises from 2010 to 2012.
This gives rise to the question of whether the CCI can be identi�ed as a lead-
ing indicator used by governments and �rms to determine economic policy and
business decisions, respectively. Cross-correlation patterns for both the United
States and the Euro Area, however, reveal that the highest correlation coe�-
cients between the CCI and household expenditure (given by the values above)
appear at the zero lag. This �nding suggests that ups and downs in household
expenditure do not follow those of the CCI but rather overlap at the same point
in time.2

Overall, these strong and contemporaneous co-movements inthe time series
suggest that consumer con�dence plays a crucial role in the determination of
household expenditure and the pass-through to GDP 
uctuations. This view
is not entirely new. For example, using a bounded-rational macroeconomic
model, Milani (2014) found that so-called sentiment shocks(in terms of shifts
from optimistic to pessimistic expectations and vice versa) account for roughly
40 percent of GDP 
uctuations in the US economy. Golinelli and Parigi (2004)
focused on the forecast performance of consumer sentiment.They showed that
a restricted VAR model with consumer con�dence outperformsan unrestricted
model without one. Similarly, Sacht (2015, p. 13) pointed out that the recovery
of the Spanish economy since 2014 has been mainly grounded onthe reversal in
consumer con�dence from a pessimistic to an optimistic viewon future economic
developments. Van Aarle and Moons (2017, p. 242) showed thateconomic
activity is caused by con�dence in retail sales in the Euro Area. Evidence of
Granger causality between household expenditure and consumer con�dence was
also reported by Dees and Soares Brinca (2013) for both the United States and
the Euro Area. The authors claimed that the predictive power of consumer
con�dence on household expenditure is increasing in periods such as the Great
Recession for which large 
uctuations in the correspondingindex numbers are
observed. This ties in with the analysis of Fuhrer (1993). Heshowed that the
predictive power of a forecast activity is statistically signi�cant but modest.

2Potential properties for consumer con�dence cannot be enti rely ruled out. Cross-correlation
values of 0.631 (for the United States) and 0.446 (for the Euro Area) at the �rst lag in the CCI
imply that the latter indeed exhibits some explanatory powe r on contemporaneous household
expenditure. This is in line with the �ndings of Dees and Soar es Brinca (2013) among others.
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Figure 2 : Development of the CCI in monthly magnitudes for the United States and
the Euro Area (1973:M1{2014:M1)
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Note: The solid and dashed lines depict the index values of the CCI in monthly
magnitudes for the United States and Euro Area, respectivel y. For a clear ar-
rangement, on the x-axis, we indicate only 1973, 1994, and 2014, which are
recorded as the corresponding values in January.

However, it is not trivial to understand the psychological concepts behind the
establishment of con�dence as a driving force of real economic 
uctuations. This
holds especially with respect to a theoretical foundation.In this study, we try
to bridge the gap between the empirical observations and model-based expec-
tations. First, we examine the degree of autocorrelation ofthe CCI time series,
as consumer con�dence exhibits a high degree of persistence, which contributes
to an increase in con�dence itself according to a backward-looking expectations
formation scheme. Intuitively, the latter should account for the high degree of
inertia in the time series of household expenditure for the strong correlation
between the two indicators being observed. In this regard, our emphasis is on
the lag behavior of the CCI.

Figure 2 depicts the development of the CCI for the United States and Euro
Area. The data are now given as a monthly magnitude (OECD (2016b)). Since
the data for the Euro Area are only available from January 1973, we focus on
the period starting in this month until January 2014. 3 As the amplitude of

3Di�erent timespans are used in Figure 1 because the informat ion on household expenditure
and GDP growth provided by the OECD is not available before 19 71 for the US economy and
1996 for the Euro Area.
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the time series is adjusted with a long-term average of 100, index values above
(below) that value indicate an increase (decline) in consumer con�dence in fu-
ture economic developments. Indeed, the index values 
uctuate around the
long-term trend. Most importantly, the degree of autocorrelation at the �rst
lag is 0.988 and 0.983 for the United States and Euro Area, respectively. This
�nding strengthens our view that consumer con�dence is highly persistent over
time.4 We claim that the persistence in the CCI contributes to the (moderate)
degree of autocorrelation in the growth rates of household expenditure given
by 0.412 (for the United States) and 0.639 (for the Euro Area). This state-
ment relies on our observations (and those found in the literature) of a strong
and contemporaneous relationship between consumer con�dence and household
expenditure. In the following section, we account for this empirical evidence
by considering a set of forecasting rules (i.e., heuristics) that account for the
aspects of backward-looking expectations formation.

4 Expectations Formation in the Baseline NKM

4.1 New-Keynesian Workhorse Model

The baseline NKM in its hybrid variant reads as follows:

ct =
1

1 + �
~E j

t ct+1 +
�

1 + �
ct � 1 � � (r t � ~E j

t � t+1 ) + "c;t (1)

� t =
�

1 + ��
~E j

t � t+1 +
�

1 + ��
� t � 1 + �c t + " �;t (2)

r t = � r r t � 1 + (1 � � r )( � � � t + � cct ) + " r;t (3)

ct = yt (4)

where the superscript j = f RE, BRg refers to the rational expectations (RE)
and the bounded rationality (BR) model speci�cations, respectively. The corre-
sponding expectations operator is~E j

t , which has to be speci�ed for both mod-
els in quarterly magnitudes. All the variables are given in gap notation, i.e.,
st = ŝt � �s holds, where we consider the deviation in the contemporaneous real-
ization of the variables from their steady-state values denoted by ŝ = f ĉ; �̂; r̂ g
and �s = f �c; ��; �r g, respectively. In the following, we omit the expression" gap"
to provide a clear arrangement if not necessary otherwise.

In equation (1), private consumption expenditure stems from the intertemporal
optimization of consumption and saving, which leads to consumption smoothing
(based on the realizations of the real interest rate gap denoted by r t � ~E j

t � t+1 ).
The parameter � � 0 denotes the inverse intertemporal elasticity of substitution
in consumption behavior. Equation (2) represents the NKPC,where aggregate
consumption (ct ) acts as the driving force of in
ation ( � t ) dynamics due to
monopolistic competition and the Calvo-type sticky price setting scheme. The

4Figure 1 shows that the degree of autocorrelation in the CCI ( annual magnitude) amounts
to 0.753 (for the United States) and 0.553 (for the Euro Area) . The relatively low degree of
autocorrelation is explained by the loss of information fro m the aggregation of monthly data.
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slope of the NKPC is given by the parameter� � 0. � measures the discount
factor (0 < � < 1). The microfoundations allow for a hybrid structure of the
economy in the demand and supply framework, namely the parameters for habit
formation 0 � � � 1 and price indexation 0� � � 1, respectively. We consider
the well-known three-equation representation of the baseline New-Keynesian
workhorse model for a closed economy in its log-linearized form. This model
speci�cation addresses the so-called the" persistence anomaly" discussed by
Chari et al. (2002), who stated that only shock-driven models without intrinsic
persistence cannot account for inertia in the data.

According to the ad-hoc Taylor rule with interest rate smoothing given by equa-
tion (3), the nominal interest rate gap (r t ) is a predetermined variable with the
corresponding persistence parameter 0� � r � 1. The monetary authority
reacts directly to contemporaneous movements in consumption (� c � 0) and
in
ation ( � � � 0). We assume that the exogenous driving forces of the model
variables follow speci�c shocks"s;t to demand, supply, and the monetary pol-
icy instrument, which are independent and identically distributed around mean
zero and variance� 2

s with the indices s = f c; �; r g. As already mentioned, as a
main characteristic of linearized DSGE models, the dynamics are described by
the deviations from the steady states, where consumption expenditure equals
output in the equilibrium. Hence, equation (4) implies that equation (1) ex-
presses only the standard dynamic IS curve. That becomes even more apparent
as equation (4) stands for the national income identity in the absence of private
investment, the trade balance, and government expenditureas assumed for our
prototype model here.

The concept of animal spirits is linked to �rms' investment d ecisions, as pri-
marily stated by Keynes (1936). However, based on our argument above, we do
not investigate investors' expectations formation in our macroeconomic model
for two reasons. First, we present an intuition that the index numbers for
consumer con�dence serve as a fundamental formulation of consumer forecast
heuristics. The focus is therefore more on households' behavior. Second, in-
vestment decisions, if substantial, have an impact on long-run dynamics. Since
we focus on the development over the business cycle in the short run under the
consideration of stationary steady states, investors do not belong to the group
of agents in the economy. Nonetheless, it would be fruitful to shed light on this
topic in future endeavors. It follows from this that as we express the dynamic
IS equation (1) in terms of the output gap yt , we rely on the notation for the
consumption gap given byct instead. The reason is that we want to avoid any
confusion for the reader, because we focus on consumption and, in particular,
consumers' expectations. The appearance ofct in the NKPC (2) and Taylor
rule (3) is justi�ed from a theoretical point of view under th e consideration of
the equilibrium condition (4); see Gal�� (2015, Chapter 3) for more details.
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4.2 Speci�cations of the Forecast Heuristics

Under RE, the forward-looking terms include expectations with respect to con-
sumption and in
ation at time t + 1 in equations (1) and (2):

~E RE
t zt+1 = E t zt+1 + E t ~"z;t (5)

with z = f c; � g. E t denotes the expectation operator conditional on the infor-
mation at time t. In a stochastic environment, the model includes the random
error term ~"z;t . The latter is independent of the future realizations in z and has
an expected value of zero, i.e.,E t ~"z;t = 0 holds. According to the RE hypoth-
esis, it is therefore assumed that agents' expectations arenot systematically
biased and that those agents process all the available information in an optimal
way.

Under the BR speci�cation, we distinguish between expectations formation with
respect to consumption and in
ation. In particular, we appl y the heuristics
adopted by Gaunersdorfer et al. (2008) and De Grauwe (2011).Regarding
consumption expectations, agents can sort themselves intofour groups of fore-
casters expressed through the following heuristics:

E F
t ct+1 = �c +  c(ct � 1 � �c); (6)

E C
t ct+1 = ct � 1 + � c(ct � 1 � ct � 2); (7)

E O
t ct+1 =

1
2

(� + �� c;t ); (8)

E P
t ct+1 = �

1
2

(� + �� c;t ); (9)

where �c = 0 holds in the steady state. Equations (6) to (9) re
ect consumers'
forecast heuristics. The use of the latter is, in general, motivated by the premise
that the structure of the economy is observable, whereas theinteractions of the
relevant variables are barely understandable (Munier et al. (1999)). Individ-
uals recognize the building blocks of the economy (equations (1) to (4)), but
expectations can be systematically biased under bounded rationality according
to heuristics (6) to (9).5

In the absence of the RE hypothesis, two groups of agents apply forecasting
rules (6) and (7). These consist essentially of backward-looking elements. We
assume thatfundamentalists (F) and chartists (C) display professional forecast
behavior (i.e., the absence of emotional states with limited information). Fun-
damentalists have regressive expectations over the steady-state value �c with the
speed of convergence given by 0�  c � 1. A quick (slow) movement is observed
in the case where c is close to 0 (1). Chartists form their expectations based
on historic patterns in the time series. Given the past realization and relation

5One can hardly argue against this view as it would imply other wise that, in particular, house-
holds do not understand their own consumption reaction func tion stemming from their corre-
sponding utility maximization approach. If this were true, it displays random agents' decision
processes under chaos (which might be considered in future research).
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between the �rst and second lags, this type of agent either extrapolates the last
change in ct (� c > 0) or expects a reversal instead (� c < 0). In other words,
these heuristics aretechnical in nature.

In addition, with respect to forecasting rules (8) and (9), we follow directly the
speci�cations proposed by Jang and Sacht (2016) to quantifythe divergence in
beliefs. Here, we assume that agents may adopt either anoptimistic or a pes-
simistic (indicated by the superscripts O and P, respectively) attitude toward
movements in future consumption. Hence, both types of agents are uncertain
about the associated future dynamics and therefore predicta subjective mean
value of ct+1 measured by� � 0. However, this kind of subjective forecast is
generally biased and therefore depends on the volatility inconsumption, which
is given by the unconditional standard deviation � c;t � 0. The correspond-
ing parameter � � 0 measures the degree of divergence in the movement of
economic activity. We consider symmetry with respect to � and � : optimists
expect that the consumption will di�er positively from the st eady-state value �c
given by the value of �= 2 percent, while pessimists expect a negative deviation
of the same magnitude. We refer to these heuristics asemotional.

Given the expectations formation process, we identify di�erent scenarios (i.e.,
the speci�cations of the model). Hence, the horse race consists of six sce-
narios, where the corresponding heuristics (5) to (9) are considered. In the
�rst scenario, the model is estimated based on the RE hypothesis according to
equation (5) only. The second scenario focuses on the so-called pure technical
block (PTB), that is, equations (6) and (7) hold. The third sc enario consists
of the so-calledpure emotional block (PEB), where equations (8) and (9) only
are applied. As a mixture of both speci�cations, we introduce the emotional-
fundamental block (EFB) and emotional-chartist block (ECB ) as the fourth
and �fth scenarios, respectively. The former uses heuristics (6), (8) and (9),
while the latter consists of (7) to (9). Finally, the sixth scenario is labeled the
cognitive aggregate block(CAB), where we allow for the existence of all four
groups of heterogeneous agents.

These scenarios are useful for comparing the �t of the model speci�cations with
respect to the nature of expectations formation in the spirit of our horse race
exercise. In particular, the emotional blocks account for animal spirits (i.e., the
waves in optimistic and pessimistic beliefs), while the technical blocks include
forecasting rules where the emotional states are absent. Byconsidering these
pairs of heuristics, we account for the observations from the previous section.
Therefore, we investigate the following three questions. First, does a BR model
speci�cation based on heuristics alone account for the inertia in the time series
or is a structural representation of an RE model with leads and lags strictly
required? Second, related to this, which of the BR scenariosconsidered could
lead to the best description of the data? Finally, which combinations of heuris-
tics could account the most for the high degree of autocorrelation in consumer
con�dence and hence, expectations?
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Under BR, individuals adopt one of the forecasting strategies. Switching from
one group to the other is based on discrete choice theory described as follows.
The expression for the market forecast regarding consumption across the four
groups is given by

~E BR
t ct+1 =

4X

i =1

(� kf i g
c;t � E kf i g

t ct+1 ) (10)

with k = f O; P; F; Cg. The probability � k
c;t indicates the stochastic behavior

of agents who adopt a particular forecasting rule (i.e., of heuristics (6) to (9)).
More precisely, � k

c;t can be interpreted as the probability of being an optimist,
pessimist, fundamentalist, or chartist with respect to the development of con-
sumption in period t. The selection of forecasting rules (6) to (9) depends on
the forecast performances of each group given by the mean squared forecasting
error Uk

t . This utility measure for forecast performances can be updated in
every period as (cf. Brock and Hommes (1997))

Uk
c;t = �U k

c;t� 1 � (1 � � )(E k
t � 2ct � 1 � ct � 1)2 (11)

where � measures symmetrically the memory of the four types of agents (0 �
� � 1). Here, � = 0 suggests that agents have no memory of past observations,
while � = 1 means that they have an in�nite memory instead. Under discrete
choice, agents can revise their expectations given their forecast performances.
The di�erent types of performance measures can then be utilized for � k

c;t as
follows:

�
~k
c;t =

exp(
U ~k
t )

P 4
i =1 exp(
U kf i g

t )
; (12)

� C
c;t =

exp(
U C
t )

P 4
i =1 exp(
U kf i g

t )
� exp

�
�

(ct � 1 � �c)2

$

�
(13)

where the last part of equation (13) stands for the penalty term (with $ >
0) that ensures that the deviations in past consumption from its steady-state
value remain bounded. The parameter
 � 0 denotes the intensity of choice.
Equations (10) to (13) have to be adjusted conditional on the expectations
formation scenario being considered. Of course, the probability of being a
fundamentalist is then given by

� F
c;t = 1 �

3X

i =1

�
~~kf i g
c;t (14)

with ~~k = f O; P; Cg. Again, according to the di�erent scenarios considered, the
speci�cation in equation (14) will di�er accordingly.

We distinguish the probabilities of the subgroups~k = f O; Pg in (12) from the
one regarding the chartists C in (13). In comparison with the groups of op-
timists, pessimists, and fundamentalists, the forecast heuristic of the chartists
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given by equation (7) shows that they react to the historic pattern of con-
sumption by up to two lags but not the steady state. It follows that as the
market performance of chartists turns out to be the highest among all groups,
this forecasting strategy becomes the dominant one. The expected deviation
in past realizations in consumption over two lags then contributes heavily to
the volatility of economic dynamics if chartists have an overall higher weight.
As a result, an ongoing deviation in consumption from its steady-state value
will be observed, which leads to divergent adjustment pathsand hence insta-
bility. Since we are interested in a convergent solution in favor of future policy
analysis, we account for the penalty term in equation (13) only. According
to Hommes (2010), the latter can be seen as the transversality condition in
the model with heterogeneous agents: large deviations in consumption from its
steady-state value result in exp

h
� (ct � 1 � �c)2

$

i
becoming smaller. This leads to

an increase in the attractiveness of the other groups' forecasting heuristics and
ensures that" speculative bubbles" cannot last forever (cf. Gaunersdorfer et al.
(2008)).

As we will compare the empirical �ts of the RE and BR speci�cat ions with
the data, for the latter, we consider a purely bounded-rational approach (i.e.,
we also incorporate non-rational expectations formation with respect to in
a-
tion ). The central bank seeks to stabilize in
ation via the inter est channel of
monetary policy. In particular, the monetary authority anc hors expectations
by announcing a target for in
ation given by �� . In
ation fundamentalists con-
sider this pre-commitment strategy to be fully credible. The corresponding
forecasting rule then becomes

E F
t � t+1 = �� (15)

with a target rate for the in
ation gap of � � = 0 for simplicity. This implies that
the central bank seeks to minimize the deviation in its (realized) target rate of
in
ation from the corresponding steady-state value. The deviation should then
be zero in the optimum. In
ation chartists expect that the fu ture value of the
in
ation gap is given by

E C
t � t+1 = � t � 1: (16)

Hence, we adopt the same heuristics with respect to fundamentalists and chart-
ists as before (see equations (6) and (7) above) but with � = 0 and � � = 0
instead. We use these constraints on the heuristics to examine the impact of
consumer con�dence in isolation, while following the description of the so-called
in
ation targeters and extrapolators imposed by De Grauwe (2011). Equations
(10) to (14) have to be adjusted for the in
ation expectations formation pro-
cess. The memory parameter given by� remains the same for consumption
as well as for in
ation. Further, while we vary the heuristic s with respect to
consumption expectations, those for in
ation are always the same and given by
the speci�cations in equations (15) and (16) under BR.

16



Table 1 : Design of the horse race: RE and BR scenarios

Scenario
Heuristics
w.r.t. ct

� 0
c;0( � ) � P

c;0( � ) � F
c;0( � ) � C

c;0( � )

Set of
Information
w.r.t. ~E j

t ct+1

RE (5) { { { { S1(ct +1 )
PTB (6),(7) 0 0 1

2
1
2 S2(ct � 1; ct � 2; �c)

PEB (8),(9) 1
2

1
2 0 0 S3(� c;t )

EFB (6),(8),(9) 1
3

1
3

1
3 0 S4(� c;t ; ct � 1; �c)

ECB (7),(8),(9) 1
3

1
3 0 1

3 S5(� c;t ; ct � 1; ct � 2)
CAB (6),(7), (8),(9) 1

4
1
4

1
4

1
4 S6(� c;t ; ct � 1; ct � 2; �c)

Table 1 shows the design of the horse race. The structure of the baseline NKM
is given by equations (1) to (4). For the six scenarios (one for RE and �ve for
BR), we use the heuristics regarding consumption accordingto the equations
mentioned in the second column and in the text. Expectationsin the RE case
are determined by equation (5). For the BR speci�cations, equations (6) to
(16) are used to simulate consumption and in
ation. Some heuristics for ct are
ruled out according to the scenario being considered. This is also mimicked by
the zero entries in the third to sixth columns that display th e proportions of
the di�erent groups of agents � k

c;~t at the beginning of the estimation. Period
~t = 0( � ) indicates the point in time before the economy is hit by the shocks.
The entries, which are not set to zero, indicate a uniform distribution of propor-
tions a priori. The last column contains agents' information sets (S) at time t
used for their forecasts. For completeness, the latter depend on the proportions
� k

c;t which are computed at the beginning of each period. Again, the heuristics
for in
ation dynamics remain unchanged and are given by equations (15) and
(16) together with UF

�;t , UC
�;t , � F

�;t and � C
�;t .

The Appendix explains the SMM approach used to estimate thestructural
(�; �; �; �; � r ; � � ; � c) and bounded rationality (�; �;  c; � c) parameters as well as
the correspondingstandard deviations (� c; � � ; � r ) of the shocks.

5 Empirical Application

In this section, we estimate a hybrid version of the RE model and model under
the BR scenarios without the induced backward-looking components (i.e., lags
in the dynamic IS curve and NKPC). Hence, the intrinsic persistence parameters
� and � are estimated in the hybrid RE scenario only. For all the BR scenarios,
we set � = � = 0 instead. This comparison exercise allows us to examine the
similarities in and di�erences between backward-looking expectations formation
schemes (via forecast heuristics) as well as the sources of intrinsic persistence
(according to consumption habits and price indexation) under RE.
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More generally, we circumvent the two criticisms related to the number of pa-
rameters to be considered and the purely forward-looking version of the model.
First, given the structure of the speci�cations, 10 (for RE) and 10-12 (for BR)
" degrees of freedom" are estimated in the parameter estimates. We use a simi-
lar number of parameters to avoid any tautological argumentabout the perfor-
mance of these di�erent models in matching the covariance structure given the
empirical data.

Second, the backward-looking components play a key role in ensuring that the
model dynamics match the persistence in the data being observed. While the
BR scenarios already account for the past realization of thevariables to be
considered in the forecast heuristics, a purely forward-looking RE model ex-
hibits no persistence in the absence of autocorrelated shock processes. Hence,
we decide to consider non-autocorrelated shocks only to restrict the number of
parameter estimates. As mentioned earlier, the RE model then fails to replicate
the empirical data according to the " persistence anomaly" . It follows that any
statement about a potentially better �t of one or more of the B R model speci�-
cations to the data compared with the RE one would again be tautological. We
are rather interested in the question of whether there is a need for hybridity in
the structure of the model. In other words, do behavioral speci�cations account
for autocorrelated time series alone? Can the backward-looking elements in the
hybrid RE model be neglected if the forward-looking terms are described by
BR forecast heuristics?

5.1 Data

The US dataset is taken from the webpage of the Federal Reserve Bank of
St. Louis (https://fred.stlouisfed.org ). The sample spans 1975:Q1 to
2009:Q4.6 In
ation is measured using the seasonally adjusted consumer price
index with 2009 as the base year. Output is obtained from seasonally adjusted
real GDP based on billions of chained 2009 dollars. The e�ective federal funds
rate is used to measure the short-term nominal interest ratein the United
States.

We retrieve the Euro Area dataset from the 10th update of the Area-Wide
Model quarterly database (http://www.eabcn.org/page/area-wide-model ;
see Fagan et al. (2001)). To be consistent with the timespan for the US econ-
omy, the sample covers 1975:Q1 to 2009:Q4 only. The consumption de
ator is
used to measure in
ation in the Euro Area. The short-term nominal interest
rate and real GDP are used to measure the gaps in the nominal interest rate and
output in the Euro Area. The time series in the Area-Wide Model database
have the following abbreviations: consumption de
ation = PCD, short-term
nominal interest rate = STN, and real GDP = YER. A standard smo othing
parameter of � = 1600 is used to estimate the trend of the observed data from
the Hodrick-Prescott �lter for output, in
ation, and the no minal interest rate.

6For the robustness of the empirical application with respec t to di�erent timespans for the US
economy, we consider the period until 2016:Q4. See Section 5.2.3 for details.
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According to the equilibrium condition ct = yt , we consider the output gap
to be a proxy for the private consumption gap (because of the limited data
availability of the latter) in our empirical analysis. This is also in line with
our observations on the co-movements discussed in Section 3. In the estimation
procedure, we take the model to the second-moment conditions derived from
the gaps based on the dataset. The details of the estimation approach can be
found in the Appendix.

To interpret the point estimates, we set the intensity of choice parameter 
 to
1. This implies that agents sort themselves into one of the groups randomly a
priori. Switching behavior remains persistent over time, where switching from
one forecast heuristic to the other is smooth and slow in every period. Jang
and Sacht (2016) reported broad con�dence intervals for thebounded rational-
ity parameters for an almost purely stochastic switching process with
 = 0 :1.
This observation is reasonable as, if the intensity of the choice parameter is set
close to its lower bound, expectations do not in
uence the contemporaneous
realizations of consumption or in
ation. Like Jang and Sacht (2016), we also
try 
 values of 10 and 100, which imply strong switching processes. Neither
calibration provides a good approximation of the data-generating process and
therefore both are ruled out here. These results are available upon request. In
general, given the highly non-linear structure of the BR model speci�cation, pin-
ning down the switching parameter becomes di�cult (cf. Kuka cka et al. (2018)).

Across all the empirical applications, the parameters of the discount factor �
and memory parameter � are calibrated to 0.99 and 0, respectively. In the
former case, we simply follow the literature, where the samevalue for � is the
estimation result in an overwhelming majority of studies. In the latter case, we
refer to our results, which show that this parameter is not signi�cant across all
the scenarios estimated here. These results are also available upon request.

Furthermore, we follow Gaunersdorfer and Hommes (2007) andassume that
$ is set to 1800, which implies that the penalty term part of equation (13) is
close to zero when large deviations in past consumption fromits steady-state
value occur. This suggests that large deviations in (ct � 1 � �c) ultimately result
in � C

c;t = 0 to rule out any kind of divergence.

5.2 Results

5.2.1 US Economy

Table 2 presents the parameter estimates from the US economyfor all six
scenarios. The values of the quadratic objective functionJ can be found in
the penultimate row. J measures the degree of matching of the simulated time
series to the empirical ones according to equation (A4) in the Appendix. This
suggests that the lower the value ofJ , the better the �t of the model to the
data will be. In addition, we report the p-value which re
ects the critical value
for the respective distributions.

19



Table 2 : Estimation results based onUS data (RE and BR scenarios)

Hybrid RE CAB PEB PTB EFB ECB

� 1.000 - - - - -
-

� 0.032 0.128 0.369 0.184 0.371 0.321
0.015 - 0.048 0.000 - 0.285 0.000 - 1.370 0.000 - 0.395 0.222 - 0.520 0.000 - 0.675

� c 0.554 0.287 0.556 0.408 0.543 0.378
0.394 - 0.714 0.000 - 0.626 0.000 - 1.351 0.0 - 0.895 0.267 - 0.818 0.000 - 0.833

� 0.914 - - - - -
0.803 - 1.000

� 0.030 0.205 0.216 0.185 0.213 0.243
0.019 - 0.040 0.149 - 0.261 0.130 - 0.302 0.140 - 0.229 0.175 - 0.252 0.000 - 0.527

� � 0.293 0.253 0.261 0.206 0.240 0.212
0.153 - 0.434 0.000 - 0.507 0.060 - 0.461 0.000 - 0.520 0.018 - 0.461 0.000 - 0.432

� � 1.573 2.051 1.918 2.274 1.914 1.946
1.000 - 2.228 1.369 - 2.733 1.000 - 3.046 1.295 - 3.254 1.080 - 2.747 1.318 - 2.574

� c 0.785 0.363 0.417 0.589 0.709 0.299
0.253 - 1.317 0.000 - 0.903 0.000 - 1.157 0.000 - 1.630 0.011 - 1.407 0.000 - 0.867

� r 0.831 0.719 0.570 0.781 0.808 0.644
0.766 - 0.895 0.478 - 0.959 0.078 - 1.000 0.637 - 0.924 0.660 - 0.956 0.319 - 0.970

� r 0.464 0.358 0.314 0.221 0.151 0.304
0.133 - 0.796 0.000 - 0.862 0.000 - 0.850 0.000 - 0.576 0.000 - 0.417 0.000 - 0.965

� - 3.220 2.253 - 3.282 2.527
1.474 - 4.967 0.878 - 3.628 1.598 - 4.967 0.809 - 4.244

� - 0.635 0.577 - 0.531 0.775
0.000 - 1.755 0.000 - 1.445 0.000 - 1.550 0.000 - 2.024

 c - 0.737 - 0.897 0.951 -
0.534 - 0.940 0.564 - 1.229 0.657 - 1.0

� c - 1.373 - 0.758 - 0.435
0.367 - 2.419 -0.362 - 1.878 -0.798 - 1.668

J 47.33 42.47 212.40 39.28 43.29 61.28
p 0.973 0.989 0.000 0.998 0.989 0.674

Note: We use 78 moments (two years) based on the SMM approach. The 95
percent con�dence intervals are given with a smaller size. T he value of the
objective function and p-value are denoted by J and p, respectively. For the
hybrid RE, the degrees of freedom for the � 2 distribution amount to 68. The 5
percent critical value for 68 degrees of freedom is 88.25. For the BR scenarios,
we obtain 66, 67, 68, and 70 degrees of freedom. The corresponding 5 percent
critical values are 85.96, 87.11, 88.25, and 90.53, respectively. No memory is
assumed in the BR scenarios (� = 0). The discount factor � is calibrated to
0.99. We set $ to 1800.
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In the �rst step, we compare the �t of the model under RE with th ose of the
others. For the RE model (with respect to both consumption and in
ation),
J = 47:33 with p = 0 :973 holds. The highest values ofJ are observed for
the ECB and PEB scenarios with 61:28 and 212:40, respectively. This is also
con�rmed by looking at the corresponding p-values for both cases, which are
0:674 and 0, respectively. The equality in the matching performance of all the
remaining BR scenarios in relation to that under RE is remarkable. Therefore,
the J -values for the PTB, CAB, and EFB are given by 42:47, 39:28, and 43:29,
respectively. The correspondingp-values also turn out to be high, around unity.

The performance of these BR scenarios exhibit an equal �t to the data as that
under RE. This �nding con�rms the results discussed in Jang and Sacht (2016).
We infer from this that the forward-looking components do not play a crucial
role in describing consumption expenditure and macroeconomic dynamics in
general. In addition, the forecast heuristics considered in these BR scenarios
provide novel insights into backward-looking behavior in the absence of rational
expectations compared with simple habit formation and price indexation being
assumed to hold.

In the second step, the question then arises: which kind of BRscenario should
the interested researcher consider for her or his explorations? We identify the
EFB with J = 43:29 as the most promising scenario to be assumed for the
speci�cation of the model to hold. Here, consumers sort themselves into the
groups of optimists, pessimists, and fundamentalists. While the overall market
forecast is heavily grounded on their emotional state, one-third of the popula-
tion (a priori) prefer a rule-of-thumb with respect to the fu ndamental value ofc
(i.e., consumption in the steady state instead). As mentioned before, the PTB
and CAB scenarios provide a similar quality �t to the data. Ho wever, as shown
in Table 2, most of the estimated parameters in both alternative scenarios are
non-signi�cant (�ve in the PTB and six in the CAB but only two i n the EFB).
In general, a model speci�cation in which most of the parameters (especially�
and � ) are estimated to be non-signi�cant does not provide reliable or practical
suggestions for policymaking. Hence, we consider the EFB scenario to be our
preferred choice across the BR speci�cations.

We now examine the corresponding parameter estimates for the EFB scenario.
The estimated values for� r and � are not signi�cant. Hence, we cannot rule out
the possibility that the variance in the nominal interest ra te shock as well as
the degree of divergence are equal to zero. In the former case, the Federal Re-
serve Bank's monetary policy strategy does not rely on exogenous disturbances.
In the latter case, consumers' subjective forecasts may become unbiased with
respect to the unconditional standard deviation in consumption expenditure.
The pass-through of changes in the real interest rate on consumption dynam-
ics (measured by� ) and consumption on in
ation dynamics (measured by � )
turn out to be 0:371 and 0:213, respectively. These parameter estimates are
higher than those reported in the majority of studies that investigate the esti-
mation of RE models. However, the estimated value for� of 0:213 suggests that
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prices remain unchanged for about eight months on average, which is in line
with the empirical microevidence provided by Nakamura and Steinsson (2008).7

The standard deviations � c and � � are 0:543 and 0:240, respectively, which show
moderate exogenous shocks to consumption and in
ation. With respect to the
monetary policy parameters, the Federal Reserve Bank follows an ambitious
strategy of in
ation stabilization ( � � = 1 :914), while it also reacts strongly to
consumption movements (� c = 0 :709). The Taylor rule exhibits a large degree
of interest rate smoothing (� r = 0 :808).

The peculiarity of bounded rationality can be measured by the parameter � ,
which is estimated to be 3:282. This result suggests that optimistic consumers
in the United States believe in a deviation in the future value of consumption
from its steady state of around 1:6(= �= 2) percent on average and upward.
Owing to the symmetry of the heuristics applied, pessimistsassume a negative
deviation of around minus 1:6 percent on average and downward over the un-
derlying time interval.

The estimation result for the speed of convergence reveals almost a corner so-
lution with  c = 0 :951. According to the corresponding heuristic, equation (6)
collapses toE F

t ct+1 � ct � 1. The economic interpretation of the results is that
US consumers who adopt this rule-of-thumb behavior do not believe in a conver-
gence of the future value in consumption toward its steady state. Instead, they
judge the past realization of ct with one lag as the most reasonable forecast of
this variable. The label " fundamentalists" seems to be misleading in this case,
as the expectations formation scheme of this group remains independent of the
fundamental value itself but becomes purely backward-looking instead.

As already discussed, our result suggests that the model under the PTB scenario
leads to an equal (truly) good �t to the data as in the EFB case. Therefore,
for the PTB scenario, it is shown that  c and � c are also estimated to be
close to one (cf. heuristics (6) and (7) for details). This reinforces our view
that a purely backward-looking (or let's say " naive" ) expectations formation
scheme will dominate: as the �tting of the EFB scenario (besides the CAB and
PTB) matches that of the RE scenario, rational expectationscan be empirically
rejected in favor of BR forecast heuristics. The estimates of the hybrid RE
model with respect to the intrinsic parameters con�rm this statement. These
parameters are estimated to be close and even identical to the (theoretical)
upper bounds since� = 1 and � = 0 :914 hold. This �nding suggests that the
forward-looking components do not play a major role in describing the data.
This observation is at odds with the RE hypothesis (i.e., the cornerstone of
standard macroeconomic modeling).

7To see this, the probability of not adjusting the price must b e computed given the explicit
expression for� . The latter is given by � = (1 � � )(1� �� )=� , where � denotes the corresponding
Calvo parameter. It follows that � = 0 :635 holds. The frequency of price adjustments on a
monthly magnitude can then be obtained by applying the formu la m = 3 =(1 � � ) since �
follows a Poisson distribution. We then �nd a value of m = 8 :223, or roughly eight months.
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5.2.2 Euro Area

Table 3 presents the results for the Euro Area. As in the United States case,
the RE scenario exhibits an almost equal �t to the data as the BR scenarios
with J = 56:30 and a p-value close to unity. This holds except for the PEB
scenario, which stands out with a value ofJ of 261:71 and a p-value of zero.8

For the other BR scenarios, we observe slightly better performances implied by
the J -values of 37:96, 38:15, 42:11, and 46:85 for the PTB, CAB, EFB, and
ECB scenarios, respectively. Not surprisingly, in all these cases, thep-values
are also signi�cantly close to unity.

The BR scenario, which we claim is suitable for policymaking, is given by the
PTB one. As for the US economy, the associatedJ -value is close to that for the
CAB scenario. The latter includes all four heuristics for consumers' expecta-
tions formation, while the dynamics obtained in the PTB scenario are driven by
those for fundamentalists and chartists only. In the PTB scenario, none of the
parameters is non-signi�cant. On the contrary, we have three non-signi�cant
estimates in the CAB scenario: the one for� as well as the BR ones (i.e.,�
and � ). The same is true for the EFB and ECB scenarios in which we �nd
three parameter estimates that are not signi�cantly di�eren t from zero. This
limits the policymaking use of all the BR scenarios | except f or the PTB one.
In line with the results for the US economy, scenarios that consist of technical
heuristics outperform the PEB one with emotional ones beingconsidered only.
Once again, it becomes apparent that the �rst- and second-order lags in the as-
sociated forecast heuristics are non-negligible components in the business cycle.

Now, we turn to the interpretation of the parameter estimates for the PTB
scenario. In particular, the parameter estimates of� = 0 :144 and � = 0 :152
suggest lower degrees of pass-through on consumption and in
ation than in US
case. These values are therefore close to those under RE obtained in various
studies. In particular, the degree of observed price stickiness has an average fre-
quency of price adjustments of roughly 9.5 months (m = 9 :416; see footnote 7).
This result is supported by those of Fabiani et al. (2005). The standard devia-
tions of the shock to consumption and in
ation are moderate with � c = 0 :413
and � � = 0 :360, respectively. The nominal interest rate shock is estimated to
be close to these values with� r = 0 :444, while the Taylor rule exhibits a much
lower degree of persistence with� r = 0 :426 than in the US case. With respect
to the latter, the European Central Bank reacts less aggressively to changes in
consumption (� c = 0 :325) but strongly (as the US Federal Reserve Bank) to
in
ation 
uctuations ( � � = 1 :593).

8 It is interesting to compare this result with that presented in Jang and Sacht (2016). That
study investigated the empirical performance of RE and PEB o nly, �nding consistently lower
(higher) values of J (p) for the PEB scenario. The di�erence between both observati ons is
heavily grounded on the fact that the authors considered a hy brid speci�cation of the PEB
model. In the absence of forecast heuristics with the scope of backward-looking terms in the
IS and NKPC, as considered in our study, empirical performan ce turns out to be worse. This
�nding strengthens our statements throughout the text.
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Table 3 : Estimation results based onEuro Area data (RE and BR scenar-
ios)

Hybrid RE CAB PEB PTB EFB ECB

� 1.000 - - - - -
-

� 0.079 0.154 0.321 0.144 0.569 0.319
0.022 - 0.136 0.0 - 0.312 0.0 - 0.824 0.005 - 0.284 0.356 - 0.782 0.135 - 0.503

� c 0.561 0.370 0.471 0.413 0.839 0.474
0.430 - 0.693 0.118 - 0.622 0.0 - 1.155 0.206 - 0.619 0.716 - 0.962 0.131 - 0.817

� 0.765 - - - - -
0.630 - 0.900

� 0.035 0.159 0.225 0.152 0.166 0.171
0.021 - 0.049 0.121 - 0.197 0.082 - 0.368 0.125 - 0.178 0.133 - 0.200 0.111 - 0.230

� � 0.275 0.354 0.326 0.360 0.401 0.382
0.159 - 0.390 0.172 - 0.536 0.160 - 0.492 0.213 - 0.507 0.214 - 0.587 0.207 - 0.558

� � 1.288 1.612 1.571 1.593 1.262 1.360
1.000 - 1.918 1.075 - 2.150 1.0 - 2.151 1.056 - 2.129 1.0 - 1.609 1.0 - 1.816

� c 0.497 0.309 0.336 0.325 0.571 0.476
0.124 - 0.870 0.026 - 0.593 0.030 - 0.642 0.039 - 0.611 0.345 - 0.797 0.196 - 0.756

� r 0.604 0.420 0.381 0.426 0.602 0.505
0.479 - 0.729 0.222 - 0.618 0.124 - 0.638 0.229 - 0.623 0.498 - 0.706 0.331 - 0.679

� r 0.421 0.429 0.288 0.444 0.258 0.331
0.072 - 0.769 0.035 - 0.824 0.0 - 0.662 0.078 - 0.809 0.0 - 0.518 0.0 - 0.680

� - 1.861 2.162 - 3.093 1.509
0.0 - 4.427 1.099 - 3.224 0.0 - 6.504 0.0 - 3.594

� - 1.709 0.591 - 2.000 1.225
0.0 - 4.397 0.0 - 1.352 0.0 - 5.393 0.0 - 3.790

 c - 0.570 - 0.762 0.945 -
0.139 - 1.0 0.526 - 0.998 0.630 - 1.0

� c - 1.500 - 1.010 - 0.798
0.683 - 2.316 0.574 - 1.447 -0.132 - 1.728

J 56.30 38.15 261.71 37.96 42.11 46.85
p 0.844 0.998 0.000 0.999 0.993 0.971

Note: See Table 2.
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Overall, the estimation results for the BR parameters reveal a high degree of
backward-looking expectations formation. Fundamentalists believe in a moder-
ate convergence rate of consumption's future value toward its steady state given
 c = 0 :762 in contrast to the US case of a purely backward-looking scheme.
However, chartists' heuristic for the expectations formation process turns out
to be a corner solution with � c = 1 :010: this type of agent purely extrapolates
past realizations of consumption; in other words, the corresponding expression
E C ct+1 � 2ct � 1 � ct � 2 (cf. heuristic (7)) holds.

This becomes most apparent as the BR speci�cations exhibit asigni�cantly
better �t to the data than the purely forward-looking NKM. Th e model under
this RE scenario (with � = � = 0) exhibits the highest J -values with 213:53
(for the US economy) and 230:49 (for the Euro Area), where all p-values are
equal to zero. The results are available upon request. Hence, when considering
the forward-looking elements only, which stem from the RE hypothesis, those
are insu�cient to establish a good �t to the data. In general, the identi�ed
near-optimality of such " naive" expectations is not surprising because the time
series for consumption and output display a near-unit root process. This well-
known fact has been intensively discussed in the literature(see Lanne (2001),
Henry and Shields (2004), and Narayan and Narayan (2010) among others).

To sum up, we support rule-of-thumb behavior for the United States and Euro
Area data. Approximately purely backward-looking (instead of rational) ex-
pectations formation can be identi�ed as an appropriate choice for modeling
consumer con�dence and hence forecast expectations. The di�erence between
these economic regions is shown by the in
uence of emotionalstates on decision
making in the United States compared with the Euro Area, where expectations
formation is more technical in nature.

The remarkable goodness-of-�t of the BR scenarios (i.e., EFB and PTB) indi-
cates that optimism and pessimism as well as the trend following fundamental-
oriented forecasting behavior may play a major role in expectations formation.
Figure 3 shows the auto- and cross-covariances for US data compared to their
empirical counterparts. A good �t is mimicked by the observation that the
simulated auto- and cross-covariances are placed within the con�dence bands
of the empirical ones. The hybrid RE model speci�cation is, in the majority
of cases, not successful at matching the moments, while the BR one (under
EFB) can approximate the empirical moments to a high degree.For example,
the RE model fails to generate persistence in the covariancepro�les for con-
sumption and in
ation. On the contrary, the BR model speci�c ation generates
persistent behavior for consumption and in
ation based on backward-looking
expectations.

Next, we consider the PTB scenario for the Euro Area data. Figure 4 plots
the corresponding simulated auto- and cross-variances, showing that the per-
formances of the RE and BR models are both qualitatively similar to the results
based on US data.
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Figure 3 : Model covariance pro�les for the United States
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Note: The estimation results obtained under the EFB are used to si mulate the
auto- and cross-covariance (designated COV) in the BR scenario.

Figure 4 : Model covariance pro�les for the Euro Area
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Note: The estimation results obtained under the PTB are used to si mulate the
auto- and cross-covariance (designated COV) in the BR scenario.
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5.2.3 Robustness Exercise under Di�erent Monetary Policy Regimes

This section examines the robustness of our empirical application using SMM
when the data sample is segmented. We consider several monetary policy
regimes for the US economy only: the Great In
ation (GI, 1960:Q1-1979:Q4
with 80 observations), the Great Moderation (GM, 1980:Q1-2009:Q4 with 120
observations), and the Great Moderation and Great Recession (GM+GR, 1980:
Q1-2016:Q4 with 148 observations). This can enhance the reliability and sen-
sitivity of the parameter estimates of the models accordingto these structural
changes in the economy. This approach is motivated by the study of Kukacka
et al. (2018) who also consider this kind of data segmentation when evaluating
a BR model via the SML estimation procedure.

First, we report the summary statistics for the three subperiods with focus on
the �rst-order autocorrelations and variances in consumption, in
ation, and
the nominal interest rate. The corresponding numbers are given in the third,
�fth, and seventh columns of Table 4. The results show that consumption
persistence remains similar across the regimes with a valuearound 0.85 on
average. However, among the subperiods, consumption volatility reduced from
3.09 (GI period) to 1.69 (GM+GR period). The same patterns but for both
persistence and volatility are observed for in
ation and the nominal interest
rate. For example, the US economy experienced a high degree of in
ation
volatility (1.87) in the GI period, while we �nd a signi�cant ly lower value (0.73)
for the GM+GR period. These results show high macroeconomicuncertainty in
the 1970s and relatively low uncertainty from the 1980s until the 2010s. The US
economy has faced large 
uctuations in consumption and the nominal interest
rate over the past three decades (i.e., in the GM+GR period),while in
ation
has remained relatively moderate.

To investigate which of the two model speci�cations is most suitable to cap-
ture the observations in persistence and volatility, we �rst estimate them using
SMM. In particular, we once again pin down the parameter estimates of the
hybrid RE and BR model speci�cations. For the latter, we consider the EFB
scenario based on our discussions in this section so far for the US economy.
Although we do not present the parameter estimates here in great detail (avail-
able upon request), few of them (about one to three) are not signi�cant among
the six estimations. The entries in last two rows of Table 4 reveal that the
BR model speci�cation exhibits a better �t to the covariance structure of the
economy than the RE one. This �nding holds for all the subperiods according
to the low J -value for the EFB scenario.

While the overall superiority of the BR model speci�cation i n �tting the data
is apparent, there is no clear matching of persistence and volatility. Based
on our empirical results, we calculate the simulated valuesfor autocorrelation
and variance in Table 4 and compare them with their empirical counterparts.
The results suggest that consumption persistence is in favor of the BR model
speci�cation, as the corresponding values are close to the empirical ones. The
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Table 4 : Empirical vs. simulated �rst-order autocorrelations and volatility

GI: US (80) GM: US (120) GM+GR: US (148)

Empirical RE EFB Empirical RE EFB Empirical RE EFB

ct
AR (1) 0.83 0.87 0.84 0.86 0.70 0.85 0.87 0.72 0.86

Volatility 3.09 3.01 3.24 2.00 1.71 1.33 1.69 1.47 1.06

� t
AR (1) 0.50 0.71 0.64 0.49 0.86 0.90 0.44 0.80 0.89

Volatility 1.87 2.10 1.07 0.80 0.65 0.37 0.73 0.50 0.32

r t
AR (1) 0.82 0.71 0.89 0.67 0.94 0.95 0.67 0.94 0.95

Volatility 2.88 2.25 2.35 2.91 2.14 1.54 2.38 1.87 1.12

SMM
J | 67.3836.72 | 48.84 40.05 | 49.8944.07

p | 0.498 0.999 | 0.962 0.997 | 0.951 0.989

Note: The expressions AR(1) and Volatility denote �rst-order autocor re-
lation and variance, respectively. In the simulation exercise, AR(1)and
Volatility are calculated using 1,000 simulated series. The underlying pa-
rameter estimates for the RE and BR model speci�cations (EFB scenario)
are available upon request. The closest matches of the simulated observa-
tions to the empirical observations are given in bold type, as are thelowest
values of the objective functionJ under SMM.
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opposite holds for consumption volatility, where the RE model speci�cation
outperforms the BR one in terms of matching. The same patternholds for
in
ation persistence and volatility in the GI period. Howev er, for the other
two periods, the RE model is the most suitable at capturing both in
ation
persistence and volatility. A mirror image of this observation is obtained for
the nominal interest rate. Here, the BR model speci�cation exhibits the best
matching to the values of interest in the GI period. In the GM and GM+GR
periods, the autocorrelation values do not di�er signi�cant ly for either model
speci�cation. In terms of volatility, the RE model speci�ca tion is the most ap-
propriate framework for describing this stylized fact.

Based on this robustness exercise, we can address two important issues. Given
the di�erent policy regimes for the US economy, our previous statement on the
equivalency of the BR model in terms of �tting the data holds. This kind of
model even signi�cantly outperforms the RE model in the GI period, which
can be seen from a comparison of the corresponding J-values.Furthermore, the
mixed results for matching the empirical values for persistence and volatility
reveal that the BR model structure has to be adjusted accordingly. This holds
especially with respect to (almost) all kinds of volatility as well as in
ation
persistence for the GM and GM+GR periods.

6 Conclusion

In this study, we empirically examine the baseline NKM with heterogeneous
agents who may adopt various heuristics to forecast future movements in con-
sumption. In this framework, consumption expectations result from a discrete
choice in the speci�c heuristics. Based on their favorable expectation scheme,
agents sort themselves into the four groups of optimists, pessimists, funda-
mentalists, and chartists, who adopt backward-looking expectations formation
using rule-of-thumb behavior. The competing non-linear speci�cations of the
BR model are estimated using the SMM approach. Then, we seek to pin down
the most appropriate set of forecast heuristics that can better �t the empirical
data. We argue that this study contributes to the estimation of the BR models
used in macroeconomic research.

The " wilderness" (Sims (1980)) of the bounded rationality problem makes the
formulation of this kind of model a non-trivial one. This sta tement relies on
the fact that agents' ability and willingness to possess information pose chal-
lenges for modeling underlying neurological processes. According to experimen-
tal studies, for example, Kryvtsov and Petersen (2013) and Pfajfar and Zakelj
(2014) found strong evidence for a backward-looking expectations formation
scheme. These authors reported that 10 to 15 percent of subjects adjusted their
expectations based on previous experiments, while 25 to 35 percent considered
decision rules with trend extrapolation. Regarding expectations formation and
forecasting, it is not only important to investigate how corresponding heuristics
are conducted but also whether those are empirically relevant. While some kind
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of wilderness manifests itself in a high degree of freedom todevelop BR models,
this study focuses on modeling and validating consumers' expectations along
the emotional and technical dimensions.

As the most interesting result, we favor the BR model speci�cation, which is
as good as the RE one with leads and lags. This �nding is also con�rmed by
a robustness exercise that considers di�erent monetary policy regimes in the
United States. Furthermore, the corresponding heuristicsexhibit a high degree
of backward-looking behavior. The collapse of these expressions into corner
solutions with the associated parameters is estimated to beclose to unity. Our
results suggest that the BR models for forecast heuristics developed in this
study can be regarded as an alternative explanation of the expectations forma-
tion process in terms of intrinsic persistence. This observation questions the
need for a hybrid speci�cation of DSGE models under a purely RE formation
scheme. While the standard NKM under RE allows for sound mathematical
tractability (especially for economic forecasting), our contribution o�ers new
insights into human decision making and behavior. It is therefore worthwhile
studying the impact of shocks in a bounded-rational environment and empha-
sizing the di�erent adjustments over the business cycle whenagents process
information in a rational manner only.

We interpret our results such that expectations formation in the United States
is grounded on agents' emotional state (with respect to optimism and pes-
simism), while for the Euro Area it is most likely to be technical in nature
(with respect to fundamentalists and chartists). By sorting agents into one of
these groups, however, we cannot conclude that they act entirely emotionally
or professionally (in terms of the forecasting techniques adopted by this group).
In practice, consumers' expectations are in
uenced by manyfactors that might
not be fully captured by the heuristics considered in this study. More precise
rules of consumption behavior should thus be assessed usingsurvey data. This
calls for an empirical validation of the feedback e�ects between business cycles
and economic behavior in future studies.

Our observation reveals that for policymaking, a BR model serves as a reliable
alternative approach. The question then arises of whether the results obtained
through our horse race exercise are su�cient to examine di�erent heuristics for
bounded rationality. Similarly, such an experimental setting should account
for agents' con�dence in investment decisions as well. Therefore, additional
moment conditions besides the auto- and cross-covariance pro�les (e.g., the
raggedness of the time series; see Franke (2018) for more details) can be con-
sidered when estimating DSGE models using the SMM approach.

Future attempts should also focus on the relationship between forecast heuris-
tics and the stability of the model. In general, stability analysis in any kind
of model in which highly non-linear heuristics are considered is crucial for con-
ducting reliable policy operations | especially in macroeconomic models that
focus on optimal monetary and �scal policy. Future attempts might also shed
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light on the role of bounded-rational expectations formation when the central
bank operates a zero lower bound interest rate. This step must accompany a
reformulation of the NKPC and Taylor rule (e.g., as presented in Gal�� (2015)
and Cochrane (2017)). We leave all these important topics tofuture research.

Appendix: The SMM Approach

In this study, we seek to match the model-generated covariances across all the
scenarios of consumption, in
ation, and the nominal interest rate (all in gap
notation) with their empirical counterparts. Statistical inference on market
behavior is based on these model parameter values. The parameter estimates
are considered to be the result of minimizing the distance between the model
generated and empirical second moments in SMM. The moments include the
variances of the model's variables (i.e., their absolute volatility), while pro- and
countercyclical movements in the di�erent aggregates are captured by (not only
the �rst-order but) an entire pro�le of the auto- and cross-c ovariances. Hence,
we can use all the (unconditional) co-movement statistics characterized by the
estimation. See Franke et al. (2015) for a detailed introduction to this method
and Jang and Sacht (2016) for an application to a DSGE model under bounded
rationality.

More generally, the moment conditions account for the distributional properties
of empirical data X t with t = 1 ; � � � ; T ; where T denotes the sample size. The
sample covariance matrix at lagk is de�ned by:

mT (k) =
1
T

T � kX

t=1

(X t � �X )(X t+ k � �X )0 (A1)

where �X = (1 =T)
P T

t=1 X t is the vector of the sample mean. The average of
discrepancy in the sample between the model-generated and empirical moments
is denoted as

g(� ; X t ) �
1
T

TX

t=1

(m�
T � mT ) (A2)

where � is an l � 1 vector of unknown structural parameters. m�
T and mT are

the empirical and model generatedmoment functions, respectively (cf. equa-
tion (A1)).

The main goal of this study is to compare the performance of several behavioral
macroeconomic speci�cations (as described in the previoussection) based on
observations' auto- and cross-covariances at a (�xed) lagk with k = 0 ; � � � ; n.
After selecting an appropriate number ofj variables for the lag length, we com-
pute the correspondingp-dimensional vector of the (empirical and simulated)
moment conditions:

p = p(k; j ) = ( j � k � 1) � j: (A3)

31



We avoid double counting at the zero lags in the cross-relationships by consid-
ering the term (j � k � 1). The Delta method is used to construct a con�dence
interval for the auto- and cross-covariance moments. The lag length is then
given by n = kmax = 8 since repeating patterns in the time series do not
exhibit additional information, while the model has three variables (j = 3).
Therefore, we considerp = 78 moments to be an appropriate choice according
to equation (A3) and the underlying model structure (see also Jang and Sacht
(2016)).

Matching these moment conditions a�ects both the parametersand the empiri-
cal aspects of interest, and we can estimate the model parameters by minimizing
the following quadratic objective function:

J (� ) = min
�

g(� ; X t )0 cW g(� ; X t ) (A4)

where more importance is attached to particular moment conditions according
to the weighting matrix cW. The kernel estimator has the following general
form with the covariance matrix of the appropriately standardized moment
conditions given by

b� T (h) =
1
T

TX

t= h+1

(mT � �m)(mT � �m)0 (A5)

where �m once again denotes the sample mean. The popular choice ofh �
T1=3 is used to �nd an appropriate lag length, that is, h = 5 for estimating
the covariance matrix in the Euro Area (i.e., the Hansen-White covariance
estimator):

b
 = b� T (0) +
5X

h=1

�
b� T (h) + b� 0

T (h)
�

: (A6)

The weighting matrix cW is computed from the inverse of the estimated covari-
ance matrix b
. However, the estimated covariance exhibits singularity at the
point where high correlations between the moment conditions occur. This leads
to an increase in the correlation between the moment conditions and weighting
matrix. The singularity problem of the covariance matrix is a major issue for
small sample data (Altonji and Segal (1996)). To circumvent the econometric
issues, we use the diagonal matrix entries as the weighting scheme, while the
o�-diagonal components of the matrix cW = b
 � 1 are ignored.

Now, we examine the properties of the sample distribution for the parameter
estimation. In particular, under certain regularity condi tions, we arrive at the
following asymptotic distribution of the model parameters:

p
T(b� T � � 0) � N (0; �) (A7)

where � = [( DW D 0)� 1]D 0W 
 W D[(DW D 0)� 1]0 holds. D is the gradient vector
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of the moment functions evaluated around the point estimates. This can be
written as

bD =
@m(� ; X T )

@�

�
�
�
�
� = b� T

: (A8)

Under RE, we obtain the simple analytic moment conditions of the model as
described above. However, the analytic expressions of the BR model are not
available, because the non-linear structure of the expectations formation process
constrains the model dynamics. To circumvent this problem,we simulate the
BR model and estimate the behavioral parameters. In particular, SMM is suited
to a situation in which the model is easily simulated by replacing theoretical
moments. Then the model-generated moments in equation (A4)are replaced
by their simulated counterparts:

mT =
1
S

SX

s=1

emT : (A9)

The above equation provides the approximation of the theoretical moments
(mt ) with the simulated data of emt . The simulation size is denoted byS. Un-
der certain regularity conditions, the SMM estimator is asymptotically normal
(Du�e and Singleton (1993), Lee and Ingram (1991)):

p
T(b� SMM � � 0) � N (0; � SMM ); (A10)

where � SMM = [( B 0W B )� 1]B 0W (1 + 1=S) 
 W B [(B 0W B )� 1]0 holds, i.e., the
covariance matrix of the SMM estimates. A gradient vector of the moment
function is de�ned as B � E

h
@mt
@�

�
�
�
� = b�

i
.

However, the model estimation contains simulation errors,preventing us from
accurately approximating the non-linear expectation formation processes in the
BR model. Alternatively, we compute the standard errors by using the following
steps:

1. The BR model is estimated using a simulation size ofS = 10.

2. The estimation is iterated over 100 times, while di�erent random seeds
are used to obtain the point estimates of the model parameters for each
iteration.

3. We take 100 estimates to compute the mean and standard error of the
parameter estimates.

Indeed, the above iterative method is regarded as equivalent to a single estima-
tion of the model based on a simulation size of 1,000. Note that the iteration
approach can take the bene�t of low simulation errors.

Finally, we use the J -test to evaluate the compatibility of the moment condi-
tions:

�J � T � J (b� ) d! � 2
p� l ; (A11)
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where l denotes the number of parameters to be estimated. In general, the
J -statistic is asymptotically � 2-distributed with ( p � l ) degrees of freedom. In
this study, the lag length for the covariance is set to two years. Hence, the
number of moment conditions exceeds the model parameters and we consider
this particular case as overidenti�cation.
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